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Abstract 
In this paper, a multiple-relaxation-time (MRT) lattice Boltzmann (LB) model is proposed for 
convection heat transfer in porous media under local thermal non-equilibrium (LTNE) condition. The 
model is constructed within the framework of the three-distribution-function approach: two 
temperature-based MRT-LB equations are proposed for the temperature fields of fluid and solid phases 
in addition to the MRT-LB equation of a density distribution function for the velocity field described by 
the generalized non-Darcy model. The thermal non-equilibrium effects are incorporated into the model 
by adding source terms into the temperature-based MRT-LB equations. Moreover, the discrete lattice 
effects are considered in the introduction of source terms into the temperature-based MRT-LB 
equations. The source terms accounting for the thermal non-equilibrium effects are simple and the 
model retains the inherent features of the standard LB method. Numerical results demonstrate that the 
proposed model can be served as an accurate and efficient numerical method for studying convection 
heat transfer in porous media under LTNE condition. 
Keywords: lattice Boltzmann method; multiple-relaxation-time; convection heat transfer; porous 
media; local thermal non-equilibrium model. 
 
1. Introduction 
The analysis of convection heat transfer in porous media is of great importance due to its 
applications in many fields of science and engineering, such as geology, hydrology, geothermal energy 
systems, electronic device cooling, catalytic reactors, crude oil extraction and others. Consequently, 
convection heat transfer in porous media has been studied extensively by many researchers in the past 
several decades [1-3]. In the literature, two different models, i.e., the local thermal equilibrium (LTE) 
model and the local thermal non-equilibrium (LTNE) model, are used to describe convection heat 
transfer in porous media. The LTE model assumes that the local temperature of the fluid phase is equal 
to that of the solid phase, i.e., the interphase temperature difference can be neglected. LTE is an 
often-used assumption when simulating convection heat transfer in porous media. However, the 
assumption of LTE between the fluid and the solid phases is inadequate in many practical applications 
[4]. When modeling heat transfer process in porous media under a rapid heating or cooling condition, 
the fluid and solid phases are not at the same temperature at a local level [5]. When there is a 
significant heat generation occurring in any one of the two phases (either fluid or solid), the heat 
transfer process cannot be regarded as being in LTE state [6]. In addition, if the solid-to-fluid thermal 
conductivity ratio or heat capacity ratio is very large, the assumption of LTE must be discarded [7]. 
Therefore, the LTNE model must be employed to take account of the interphase temperature difference. 
In the past two decades, research into convection heat transfer in porous media under LTNE condition 
has received considerable interest, and various conventional numerical methods (e.g., FDM, FVM, 
FEM) have been used to study the thermal non-equilibrium effects of convection heat transfer in porous 
media (see Ref. [3] and references therein).  
The lattice Boltzmann (LB) method [8-11], as a mesoscopic numerical method originated from the 
lattice-gas automata (LGA) method [12], has achieved great success in simulating fluid flows and 
modeling physics in fluids [13-20]. Unlike conventional numerical methods based on a direct 
discretization of the macroscopic continuum equations, the LB method is based on the mesoscopic 
kinetic equation for single-particle distribution function. Owing to its kinetic background, the LB 
method has some attractive advantages over the conventional numerical methods [21]: (i) non-linearity 
(collision) is local and non-locality (streaming) is linear, whereas the transport term u u  in the 
Navier-Stokes (N-S) equations is non-linear and non-local at a time; (ii) the pressure of the LB method 
is simply calculated by an equation of state, while in conventional numerical methods it is usually 
necessary and costly to solve a Poisson equation for the pressure field of the incompressible N-S 
equations; (iii) complex boundary conditions can be easily formulated in terms of the elementary 
mechanical rules; (iv) nearly ideal for parallel computing with very low communication/computation 
ratio.  
The LB method has also been successfully applied to study fluid flow and convection heat transfer 
in porous media. In fact, the LB method was already applied to study porous flows by Succi et al. in 
1989 [22]. The existing LB models for fluid flow and convection heat transfer in porous media can be 
generally classified into two categories, i.e., the pore scale method [22-26] and the representative 
elementary volume (REV) scale method [27-36]. In the pore scale method, fluid flow and heat transfer 
in the pores of the medium is directly modeled by the standard LB method, and the interaction between 
the fluid and solid phases is realized by using the no-slip bounce-back scheme. The detailed flow 
information of the pores can be obtained by this method, which can be utilized to investigate 
macroscopic relations. In the REV scale method, an additional term is incorporated into the LB 
equation to account for the presence of a porous medium based on some semi-empirical models (e.g., 
Darcy model [28], Brinkman-extended Darcy model [27], and generalized non-Darcy model [29-36]). 
After nearly two decades of development, the REV scale method has been developed into a 
numerically accurate and computationally efficient numerical tool for studying fluid flow and 
convection heat transfer in porous media on large scales. It is noted that the above mentioned REV-LB 
models [30-36] for convection heat transfer in porous media are based on the assumption of LTE. 
Very recently, Gao et al. [37] proposed a thermal Bhatnagar-Gross-Krook (BGK) LB model for 
convection heat transfer in porous media under LTNE condition. Gao et al.’s model utilizes three 
different LB equations: a density evolution equation for the velocity field, and two temperature 
evolution equations for the temperature fields of fluid and solid phases. Numerical results indicate that 
Gao et al.’s model is suitable and efficient to study convection heat transfer in porous media under 
LTNE condition. However, the source terms accounting for the thermal non-equilibrium effects in Gao 
et al.’s model contain time derivative terms, thus finite difference scheme is needed in computations. 
The time derivative terms introduce additional complexity into the model and may do harm to the 
numerical stability. We would like to point out that the source terms accounting for the thermal 
non-equilibrium effects are actually in linear relationship with the temperatures of fluid and solid 
matrix, therefore, the source terms can be directly added into the temperature evolution equations by 
using appropriate scheme without discrete lattice effects. 
Hence, in this paper, we aim to present a thermal multiple-relaxation-time (MRT) LB model for 
convection heat transfer in porous media under LTNE condition. In the model, the source terms 
accounting for the thermal non-equilibrium effects are treated in a simple way without discrete lattice 
effects. The rest of this paper is organized as follows. The macroscopic governing equations are briefly 
described in Section 2. In Section 3, the MRT-LB model for convection heat transfer in porous media 
under LTNE condition is presented in detail. The numerical results and some discussions are given in 
Section 4. Finally, some conclusions are made in Section 5. 
 
2. Macroscopic governing equations 
For convection heat transfer in an isotropic, rigid and homogeneous porous medium at the REV 
scale, assuming that the fluid is a normal Boussinesq fluid and the flow is incompressible without 
viscous heat dissipation and dispersion effect. In addition, the thermophysical properties of the fluid 
and solid phases are assumed to be constant over the range of temperatures considered. Based on the 
generalized non-Darcy model [38], the macroscopic governing equations for convection heat transfer in 
porous media under LTNE condition can be written as follows [3]: 
Continuity equation 
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where   is the density, u , T  and p  are the volume-averaged velocity, temperature and pressure, 
respectively,   is the porosity, ev  is the effective kinematic viscosity, k  is the thermal conductivity, 
pc  is the specific heat at constant pressure, q  is the internal heat source (rate of volumetric heat 
generation), vh  is the volumetric heat transfer coefficient, the subscript “ f ” and “ s ” denote the fluid 
and solid phases, respectively. F  denotes the total body force induced by the porous media and other 
external force fields, which can be expressed as [39] 
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where K  is the permeability, fv  is the kinematic viscosity of the fluid ( fv  is not necessarily the 
same as 
ev ). Based on Boussinesq approximation, the buoyancy force G  induced by the 
gravitational field is given by  
  0=  fT TG g ,                  (6) 
where g  is the gravitational acceleration,   is the thermal expansion coefficient, and 0T  is the 
reference temperature.  
The inertial coefficient F  (Forchheimer coefficient) and the permeability K  depend on the 
geometry of the permeable media. They cannot be calculated analytically or measured directly. For 
flow over spherical particles, according to Ergun’s experimental investigations [40], the inertial 
coefficient F  and the permeability K  can be expressed as [41] 
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where pd  is the diameter of the spherical particle. 
Convection heat transfer in porous media under LTNE condition governed by Eqs. (1)-(4) is 
characterized by several dimensionless parameters: the Rayleigh number Ra , the Prandtl number Pr , 
the Darcy number Da , the Reynolds number Re , the viscosity ratio 
eJ , the solid-to-fluid thermal 
conductivity ratio  sf , the solid-to-fluid thermal diffusivity ratio sf , the solid-to-fluid heat capacity 
ratio  , the dimensionless volumetric heat transfer coefficient vH , the Fourier number Fo  
(dimensionless time), which are defined as follows: 
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where L  is the characteristic length, T  is the characteristic temperature, cu  is the characteristic 
velocity,   f f p fk c  and   s s p sk c  are thermal diffusivities of the fluid and solid 
phases, respectively.  
 
3. MRT-LB model for convection heat transfer in porous media under LTNE condition 
The MRT model, as an important extension of the matrix LB method of Higuera et al. [9], was 
proposed by d’Humières in 1992 [42]. In the LB community, it has been widely accepted that the MRT 
model is superior over its BGK counterparts in terms of numerical stability and accuracy [43-47]. In 
recent years, several temperature-based MRT-LB models constructed within the framework of the 
double-distribution-function (DDF) approach have been used to study natural convection flows [48-51]. 
Numerical results indicate that the DDF-MRT method for incompressible thermal flows has a 
second-order convergence rate in space [49, 51]. In our previous studies [34], a DDF-MRT model has 
also been proposed to study convection heat transfer in porous media under LTE condition. In this work, 
a thermal MRT-LB model for convection heat transfer in porous media under LTNE condition will be 
constructed within the framework of the three-distribution-function (TDF) approach, which can be 
viewed as an extension to our previous studies. 
3.1 MRT-LB equation for velocity field 
For two-dimensional (2D) problems considered in this work, the two-dimensional nine-velocity 
(D2Q9) lattice is employed. The nine discrete velocities  ie  of the D2Q9 lattice are given by [11] 
  
    
    
0,0 , 0,
cos 1 2 ,sin 1 2 , 1 ~ 4,
cos 2 9 4 ,sin 2 9 4 2 , 5 ~ 8,
 


            

           
i
i
i i c i
i i c i
e         (8) 
where 
x tc    is the lattice speed with t  and x  being the discrete time step and lattice spacing, 
respectively. The lattice speed c  is set to be 1  ( x t  ) in this work. 
For velocity field, the MRT-LB equation with an forcing term can be written as [34, 46, 52]  
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where  ,if tx  is the density distribution function with velocity ie  at position x  and time t , 
 ,eqif tx  is the equilibrium distribution function, iS  is the forcing term, and [ ] ijΛΛ  is the 
collision matrix.  
MRT-LB equation (9) consists of two steps: the collision process and streaming process. Through 
a transformation matrix M , the collision process can be executed in the moment space: 
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while the streaming process is still carried out in the velocity space: 
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For the D2Q9 model, the transformation matrix M  is given by ( 1c  ) [43] 
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With the transformation matrix M  given above, the moment vector m  is defined as  
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where x xj u  and y yj u  are x- and y-components of the momentum  ,  x yj jj u , 
respectively, 
xF  and yF  are x- and y-components of the total body force F , respectively. The 
equilibrium moments  eqim  are given by [34] 
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The components of the forcing term S  in the moment space are given as follows [34] 
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The relaxation matrix Λ  is diagonal and is given by  
   0 1 2 3 4 5 6 7 8=diag , , , , , , , ,Λ s s s s s s s s s .              
   =diag 1, , ,1, ,1, , ,e q q v vs s s s s s .             (17) 
The macroscopic fluid density   and velocity u  are defined as 
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The macroscopic fluid pressure p  is defined as 2sp c  . Note that Eq. (19) is a nonlinear 
equation for the velocity u . By introducing a temporal velocity v , the macroscopic fluid velocity u  
can be calculated explicitly by 
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Through the Chapman-Enskog analysis of the MRT-LB equation (9), the generalized Navier-Stokes 
equations (1) and (2) can be recovered in the incompressible limit. The effective kinematic viscosity 
ev  and the bulk viscosity Bv  are defined by 
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respectively, where 7,8 1  v vs s , and 3sc c  is the sound speed.    
The equilibrium distribution function eq
if  in the velocity space is given by [29] 
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where 
0 4 9w , 1 9iw  for 1~ 4i , 1 36iw  for 5 ~ 8i . 
3.2 MRT-LB equations for temperature fields 
In this subsection, two temperature-based MRT-LB equations are proposed to solve the 
temperature fields of fluid and solid phases based on the passive scalar approach [53]. The 
two-dimensional five-velocity (D2Q5) lattice is employed, the five discrete velocities  0 ~ 4i ie  
are given in Eq. (8). For clarity, the temperature equations (3) and (4) are rewritten as follow: 
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For the temperature fields governed by Eqs. (25) and (26), the temperature-based MRT-LB 
equations with source terms are given by [34] 
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temperature distribution function and the corresponding equilibrium distribution function, respectively; 
N  is the transformation matrix, Q  and Qˆ  are relaxation matrices, I  is the identity matrix; 
= f f  and = s s  are source terms defined by 
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where  iw  are weight coefficients given by 0 1  w , 1~4 4w  ( 0 1  ). 
Through the transformation matrix N , the collision processes of the MRT-LB equations (27) and 
(28) can be executed in the moment space: 
  *
2

 
     
 
eq
f f f f t fn n n n 
Q
Q I ,    (32) 
  *
ˆ
ˆ
2

 
      
 
eq
s s s s t sn n n n 
Q
Q I ,    (33) 
The streaming processes are still carried out in the velocity space: 
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For the D2Q5 model, the transformation matrix N  is given by ( 1c  ) [48, 49] 
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The equilibrium moments  eqfin  and  eqsin  are defined as 
 0 
eq
f fn T , 1


x feq
f
u T
n , 2


y feq
f
u T
n ,  3 4 5  
eq
f fn T , 4 0
eq
fn ,    (37) 
 
0 
eq
s sn T , 1 0
eq
sn , 2 0
eq
sn ,  3 4 5  
eq
s sn T , 4 0
eq
sn .    (38) 
The relaxation matrices Q  and Qˆ  are given by 
  =diag 1,ζ , ζ , ζ , ζ  e vQ ,         (39) 
  ˆ =diag 1, , , ,    e vQ ,         (40) 
The temperatures fT  and sT  can be calculated by 
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.    (42) 
Note that the source terms also contain the temperatures fT  and sT . Obviously, fSr  and sSr  are in 
linear relationship with fT  and sT . Therefore, the temperatures fT  and sT  can be calculated 
explicitly by 
  1 0
0 1
1
1
1 2 2
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where 
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Through the Chapman-Enskog analysis of the MRT-LB equations (27) and (28), the following 
macroscopic equations can be obtained 
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where  
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here, 1,2ζ =ζ 1  Tf , 1,2 = 1   Ts , 
2 2 2 2sTc c     ( sTc  is the sound speed of the D2Q5 
model). Eq. (47) contains an unwanted term     
1
1ζ 0.5 
  t t fTu  as compared with 
equation (25). According to Refs. [54, 55], a correction term  1 0.5  t CN I Q  ( iCC = C =N N  
and 
2( ) ( ) i i f i sTC wT ce F ) should be added into the MRT-LB equation (27) to eliminate the effect 
of the unwanted term. For incompressible thermal flows considered in this work, the unwanted term 
can be neglected with little effect. 
The equilibrium distribution functions 
eq
fig  and 
eq
sig  in the velocity space are given by 
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                          eqsi i sg wT .                                 (51) 
4. Numerical simulations 
In this section, numerical simulations of natural convection in a square cavity filled with a metallic 
porous medium are carried out to validate the present MRT-LB model. The schematic of the problem is 
shown in Fig. 1. The height of the cavity is L . The horizontal walls are adiabatic, while the left and 
right walls are kept at constant temperatures 
hT  and cT , respectively ( h cT T ). In simulations, we set 
1    t x y  ( 1c  ), 2 5   (
2 2 5 1 5 sTc c ), 11hT , 0 1 cT T , 10   h cT T T , 
0  f sq q , 1.1 es s , 1.2qs , ζ ζ 1.1 e v , and 1.1  e v . The characteristic parameters 
are set as follows: 
e = 1J , = 1 , 1000 sf , = 0.8 , 0.068 F , 1.0Pr , and 
410Da .  
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Fig. 1. Schematic of natural convection in a square cavity filled with a metallic porous medium. 
Numerical simulations for 610Ra  and 8 910 ,10Ra  are carried out based on 128 128  and 
192 192  uniform meshes, respectively. The non-equilibrium extrapolation scheme [56] is employed 
to treat the velocity and temperature boundary conditions. The following correlation is employed to 
determine the volumetric heat transfer coefficient vh  [7]: 
                             
2
0.644 0.37
0.376 
v p
p
f
h D
H Re Pr
k
,                       (52) 
where 0.0135pD L  is the average pore size, Re  is the local Reynolds number defined by 
m p fRe = u D v  ( mu  is the local average velocity). The dimensionless temperatures s  and  f  are 
defined by 
0( )   s sT T T  and 0( )   f fT T T , respectively. 
Fig. 2(a) illustrates the variation of the solid-to-fluid temperature difference   at the 
mid-height of the cavity ( 0.5y L ) at different times for 610Ra  with 0pH  (without interphase 
heat exchange). For this case, the solid-to-fluid temperature difference   depends on the relative 
response time of the two phases. Owing to the higher thermal diffusivity, the response time of the solid 
phase ( ~  sf ) is much faster than that of the fluid phase ( ~ (1)O ) and the solid phase is seen to reach 
the steady state much faster. Therefore, the solid-to-fluid temperature difference is very high at early 
times. The results for 0pH  ( 0pH  denotes that vh  is determined by Eq. (52)) are shown in Fig. 
2(b). Clearly, the maximum solid-to-fluid temperature difference of 0pH  is less than that of 
0pH  at time 0.005Fo  due to interphase heat exchange. It is observed that the present results are 
in good agreement with the results reported in Ref. [7]. 
The solid temperature, fluid temperature and solid-to-fluid temperature difference at the 
mid-height of the cavity ( 0.5y L ) at the steady state for 6 8 910 ,10 ,10Ra  with 0pH  are shown 
in Figs. 3 and 4. It can be seen that the present results are in excellent agreement with those reported in 
previous studies [7]. Moreover, Fig. 4 shows that the solid-to-fluid temperature difference increases 
with the increasing of Ra  (for 910Ra , a maximum difference of about 10%  can be seen), and 
therefore, the assumption of LTE must be discarded for large Rayleigh numbers. Fig. 5 shows the 
streamlines and isotherms of fluid and solid phases at the steady state for 
6 8 910 ,10 ,10Ra  with 
0pH . Fig. 5 clearly shows that the solid-to-fluid temperature difference increases with the increasing 
of Ra , which is in accordance with those observed from Fig. 4. 
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(b) 0pH  
Fig. 2. Solid-to-fluid temperature difference at the mid-height of the cavity ( 0.5y L ) at different 
times for 610Ra  (lines: MRT-LB results; symbols: results in Ref. [7]). 
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
Ra =10
6
, 10
8
, 10
9

s
X
 
 
(a) Solid temperatures 
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Fig. 3. Solid (a) and fluid (b) temperatures at the mid-height of the cavity ( 0.5y L ) at the steady 
state for 6 8 910 ,10 ,10Ra  with 0pH  (lines: MRT-LB results; symbols: results in Ref. [7]). 
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Fig. 4. Solid-to-fluid temperature difference at the mid-height of the cavity ( 0.5y L ) at the steady 
state for 6 8 910 ,10 ,10Ra  with 0pH  (lines: MRT-LB results; symbols: results in Ref. [7]). 
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(a) 610Ra  
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(b) 810Ra  
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(c) 910Ra  
Fig. 5. Streamlines (left) and isotherms (right: fluid phase (red lines) and solid phase (blue dash-dot 
lines)) at the steady state for 
6 8 910 ,10 ,10Ra  with 0pH . 
 
5. Summary 
In this paper, a thermal MRT-LB model is proposed for convection heat transfer in porous media 
under LTNE condition. The model is constructed within the framework of the TDF approach: two 
temperature-based MRT-LB equations are proposed for the temperature fields of fluid and solid phases 
in addition to the MRT-LB equation of a density distribution function for the velocity field described by 
the generalized non-Darcy model. Moreover, the source terms accounting for the thermal 
non-equilibrium effects are simple and the model retains the inherent features of the standard LB 
method. Numerical simulations of natural convection in a square cavity filled with a metallic porous 
medium are carried out to validate the present model. It is found that the present numerical results are 
in good agreement with the numerical results reported in the literature. 
 
References 
[1] P. Cheng, Heat transfer in geothermal systems, Adv. Heat Transfer 14 (1978) 1-105. 
[2] D.B. Ingham, I. Pop, Transport Phenomena in Porous Media, Elsevier, Amsterdam, 1998. 
[3] D.A. Nield, A. Bejan, Convection in Porous Media, 4th ed., Springer, New York, 2013. 
[4] M. Kaviany, Principles of Heat Transfer in Porous Media, 2nd ed., Springer-Verlag, New York, 
1995. 
[5] W.J. Minkowycz, A. Haji-Sheikh, K. Vafai, On departure from local thermal equilibrium in porous 
media due to a rapidly changing heat source: the Sparrow number, Int. J. Heat Mass Transfer 42 
(18) (1999) 3373-3385. 
[6] A.C. Baytas, Thermal non-equilibrium natural convection in a square enclosure filled with a 
heat-generating solid phase, non-Darcy porous medium, Int. J. Energy Res. 27 (10) (2003) 
975-988. 
[7] S. Krishnan, J.Y. Murthy, S.V. Garimella, A two-temperature model for the analysis of passive 
thermal control systems, J. Heat Transfer 126 (4) (2004) 628-637. 
[8] G.R. McNamara, G. Zanetti, Use of the Boltzmann equation to simulate lattice-gas automata, Phys. 
Rev. Lett. 61(20) (1988) 2332-2335. 
[9] F.J. Higuera, S. Succi, R. Benzi, Lattice gas dynamics with enhanced collisions, Europhys. Lett. 
9(7) (1989) 345-349. 
[10] H. Chen, S. Chen, W.H. Matthaeus, Recovery of the Navier-Stokes equations using a lattice-gas 
Boltzmann method, Phys. Rev. A 45(8) (1992) R5339-R5342. 
[11] Y.H. Qian, D. d’Humières, P. Lallemand, Lattice BGK models for Navier-Stokes equation, 
Europhys. Lett. 17(6) (1992) 479-484. 
[12] U. Frisch, B. Hasslacher, Y. Pomeau, Lattice-gas automata for the Navier-Stokes equation, Phys. 
Rev. Lett. 56 (1986) 1505-1508. 
[13] R. Benzi, S. Succi, M. Vergassola, The lattice Boltzmann equation: theory and applications, Phys. 
Rep. 222(3) (1992) 145-197. 
[14] S. Succi, The Lattice Boltzmann Equation for Fluid Dynamics and Beyond, Clarendon Press, 
Oxford, 2001. 
[15] A.A. Mohamad, Lattice Boltzmann method: fundamentals and engineering applications with 
computer codes, Springer Science & Business Media, 2011. 
[16] S. Gong, P. Cheng, Lattice Boltzmann simulations for surface wettability effects in saturated pool 
boiling heat transfer, Int. J. Heat Mass Transfer 85 (2015) 635-646. 
[17] R. Huang, H. Wu, P. Cheng, A new lattice Boltzmann model for solid-liquid phase change, Int. J. 
Heat Mass Transfer 59 (2013) 295-301. 
[18] Y. Wang, S. Elghobashi, On locating the obstruction in the upper airway via numerical 
simulation, Resp. Physiol. Neurobi. 193 (2014) 1-10. 
[19] Q. Li, Q.J. Kang, M.M. Francois, Y.L. He, K.H. Luo, Lattice Boltzmann modeling of boiling heat 
transfer: The boiling curve and the effects of wettability, Int. J. Heat Mass Transfer 85 (2015) 
787-796. 
[20] Q. Li, K.H. Luo, Q.J. Kang, Y.L. He, Q. Chen, Q. Liu, Lattice Boltzmann methods for multiphase 
flow and phase-change heat transfer, Prog. Energy. Combust. Sci. 52 (2016) 62-105. 
[21] S. Succi, Lattice Boltzmann across scales: from turbulence to DNA translocation, Eur. Phys. J. B 
64(3-4) (2008) 471-479. 
[22] S. Succi, E. Foti, F. Higuera, Three-dimensional flows in complex geometries with the lattice 
Boltzmann method, Europhys. Lett. 10(5) (1989) 433-438. 
[23] G.H. Tang, W.Q. Tao, Y. L. He, Gas slippage effect on microscale porous flow using the lattice 
Boltzmann method, Phys. Rev. E 72(5) (2005) 056301. 
[24] Q. Kang, P.C. Lichtner, D. Zhang, An improved lattice Boltzmann model for multicomponent 
reactive transport in porous media at the pore scale, Water Resour. Res. 43(12) (2007). 
[25] Y.M Xuan, K. Zhao, Q. Li, Investigation on mass diffusion process in porous media based on 
Lattice Boltzmann method, Heat mass transfer 46 (10) (2010) 1039-1051. 
[26] H. Liu, Q. Kang, C.R. Leonardi, et al., Multiphase lattice Boltzmann simulations for porous media 
applications. Computat. Geosci. (2015) 1-29. 
[27] M.A.A. Spaid, F.R. Phelan Jr, Lattice Boltzmann methods for modeling microscale flow in fibrous 
porous media, Phys. Fluids 9(9) (1997) 2468-2474. 
[28] Q. Kang, D. Zhang, S. Chen, Unified lattice Boltzmann method for flow in multiscale porous 
media, Phys. Rev. E 66 (2002) 056307. 
[29] Z. Guo, T.S. Zhao, Lattice Boltzmann model for incompressible flows through porous media, Phys. 
Rev. E 66 (2002) 036304. 
[30] Z. Guo, T.S. Zhao, A lattice Boltzmann model for convection heat transfer in porous media, 
Numer. Heat Transfer B 47 (2005) 157-177. 
[31] T. Seta, E. Takegoshi, K. Okui, Lattice Boltzmann simulation of natural convection in porous 
media, Math. Comput. Simulat. 72(2) (2006) 195-200. 
[32] F. Rong, Z. Guo, Z. Chai, B. Shi, A lattice Boltzmann model for axisymmetric thermal flows 
through porous media, Int. J. Heat Mass Transfer 53 (23) (2010) 5519-5527. 
[33] D. Gao, Z. Chen, Lattice Boltzmann simulation of natural convection dominated melting in a 
rectangular cavity filled with porous media, Int. J. Therm. Sci. 50 (2011) 493-501. 
[34] Q. Liu, Y.L. He, Q. Li, W.Q. Tao, A multiple-relaxation-time lattice Boltzmann model for 
convection heat transfer in porous media, Int. J. Heat Mass Transfer 73 (2014) 761-775.  
[35] Q. Liu, Y.L. He, Double multiple-relaxation-time lattice Boltzmann model for solid-liquid phase 
change with natural convection in porous media, Physica A 438 (2015) 94-106. 
[36] L. Wang, J. Mi, Z. Guo, A modified lattice Bhatnagar-Gross-Krook model for convection heat 
transfer in porous media, Int. J. Heat Mass Transfer 94 (2016) 269-291. 
[37] D. Gao, Z. Chen, L. Chen, A thermal lattice Boltzmann model for natural convection in porous 
media under local thermal non-equilibrium conditions, Int. J. Heat Mass Transfer 70 (2014) 
979-989. 
[38] P. Nithiarasu, K.N. Seetharamu, T. Sundararajan, Natural convective heat transfer in a fluid 
saturated variable porosity medium, Int. J. Heat Mass Transfer 40(16) (1997) 3955-3967. 
[39] C.T. Hsu, P. Cheng, Thermal dispersion in a porous medium, Int. J. Heat Mass Transfer 33(8) 
(1990) 1587-1597. 
[40] S. Ergun, Fluid flow through packed columns, Chem. Eng. Prog. 48 (1952) 89-94. 
[41] K. Vafai, Convective flow and heat transfer in variable-porosity media, J. Fluid Mech. 147 (1) 
(1984) 233-259. 
[42] D. d’Humières, Generalized lattice-Boltzmann equations, in: B.D. Shizgal, D.P. Weaver (Eds.), 
Rarefied Gas Dynamics: Theory and Simulations, in: Prog. Astronaut. Aeronaut., Vol. 159, AIAA, 
Washington, DC, 1992, pp. 450-458. 
[43] P. Lallemand, L.-S. Luo, Theory of the lattice Boltzmann method: Dispersion, dissipation, isotropy, 
Galilean invariance, and stability, Phys. Rev. E 61 (2000) 6546-6562.  
[44] D. d’Humières, I. Ginzburg, M. Krafczyk, P. Lallemand, L.-S. Luo, Multiple-relaxation-time 
lattice Boltzmann models in three-dimensions, Philos. Trans. R. Soc. Lond. A 360 (1792) (2002) 
437-451. 
[45] P. Lallemand, L.-S. Luo, Theory of the lattice Boltzmann method: Acoustic and thermal properties 
in two and three dimensions, Phys. Rev. E 68(3) (2003) 036706. 
[46] Q. Li, Y.L. He, G.H. Tang, W.Q. Tao, Improved axisymmetric lattice Boltzmann scheme, Phys. 
Rev. E 81(5) (2010) 056707. 
[47] L.-S. Luo, W. Liao, X. Chen, Y. Peng, W. Zhang, Numerics of the lattice Boltzmann method: 
Effects of collision models on the lattice Boltzmann simulations, Phys. Rev. E 83(5) (2011) 
056710. 
[48] A. Mezrhab, M.A. Moussaoui, M. Jami, H. Naji, M. Bouzidi, Double MRT thermal lattice 
Boltzmann method for simulating convective flows, Phys. Lett. A 374 (2010) 3499-3507. 
[49] J. Wang, D. Wang, P. Lallemand, L.-S. Luo, Lattice Boltzmann simulations of thermal convective 
flows in two dimensions, Comput. Math. Appl. 66 (2013) 262-286. 
[50] H. Wu, J. Wang, Z. Tao, Passive heat transfer in a turbulent channel flow simulation using large 
eddy simulation based on the lattice Boltzmann method framework, Int. J. Heat Fluid Flow 32 
(2011) 1111-1119. 
[51] Q. Liu, Y.L. He, D. Li, Q. Li, Non-orthogonal multiple-relaxation-time lattice Boltzmann method 
for incompressible thermal flows, Int. J. Heat Mass Transfer 102 (2016) 1334-1344. 
[52] M.E. McCracken, J. Abraham, Multiple-relaxation-time lattice-Boltzmann model for multiphase 
flow, Phys. Rev. E 71 (2005) 036701.  
[53] X. Shan, Simulation of Rayleigh-Bernard convection using a lattice-Boltzmann method, Phys. Rev. 
E 55 (3) (1997) 2780-2788. 
[54] Q. Li, Y.L. He, G.H. Tang, W.Q. Tao, Lattice Boltzmann model for axisymmetric thermal flows, 
Phys. Rev. E 80 (3) (2009) 037702. 
[55] Q. Li, K.H. Luo, Effect of the forcing term in the pseudopotential lattice Boltzmann modeling of 
thermal flows, Phys. Rev. E 89(5) (2014) 053022. 
[56] Z.L. Guo, C.G. Zheng, B.C. Shi, Non-equilibrium extrapolation method for velocity and pressure 
boundary conditions in the lattice Boltzmann method, Chin. Phys. 11(4) (2002) 366-374. 
 
